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ABSTRACT

In this paper, some definitions and new Theorema bipolar valued fuzzy subhemiring of a hemirimg a
presented. Using the definition of translation gidiar valued fuzzy subhemiring of a hemiring, umimtersection and

translation Theorems are introduced.
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INTRODUCTION

The concept of fuzzy sets was introduced by Zade]. [Since its inception, the theory of fuzzy sets
developed in many directions and is finding appiares in a wide variety of fields. In [5] Rosenfalded this concept to
develop the theory of fuzzy groups of a group.dctfmany basic properties in group theory areddorbe carried over to
fuzzy groups. Lee [9] introduced the notion of Bgrovalued fuzzy sets. Bipolar valued fuzzy sets an extension of
fuzzy sets whose membership degree range is edldirgen the interval [0, 1] to{1, 1]. In a bipolar valued fuzzy set,
the membership degree 0 means that elements akevant to the corresponding property, the memleidégree (0, 1]
indicates that elements somewhat satisfy the ptppnd the membership degreel] 0 ) indicates that elements
somewhat satisfy the implicit counter property. thaiM.S., Muruganantha Prasad & K. Arjunan[1] defiras bipolar
valued fuzzy subgroups of a group. In this paper,imroduce the concept of bipolar valued fuzzystation of bipolar

valued fuzzy subhemirings of a hemiring. Using éhesncepts, some results are established.

1. PRELIMINARIES
1.1. Definition

A bipolar valued fuzzy set (BVFS) of X is defined an object of the form A = { < x, &), A"(x) >/ xOX},
where A': X~ [0, 1] and A: X [-1, 0]. The positive membership degre&x) denotes the satisfaction degree of an
element x to the property corresponding to a bipeddued fuzzy set A and the negative membershipedeA(x) denotes

the satisfaction degree of an element x to somdiginpounter-property corresponding to a bipolatued fuzzy set A.
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1.2. Example
A={<x,0.8,-0.6 > <y, 0.7-0.5 >, < 7, 0.970.4 >} is a bipolar valued fuzzy subset of X = {%,z }.
1.3. Definition

Let S be a hemiring. A bipolar valued fuzzy sulBeif S is said to be a bipolar valued fuzzy subhigriof S
(BVFSHR) if the following conditions are satisfied,

«  B'(x+y) = min{ B*(x), B'(y) }

B"(xy) = min{ B"(x), B" (y) }
* B (xty)Smax{B (x),B (y)}
« B (xy)<max{B (x),B (y) }forallxandyinS.

1.4. Example:

LetS=2%={0, 1, 2} be a hemiring with respect to the ioaty addition and multiplication. Then A = {< 0,8,
-0.9><1,0.6;0.8 > <2,0.6;-0.8 >} is a bipolar valued fuzzy subhemiring of S

1.5. Definition
Let X and Y be any two sets. Let f :=XY be any function and let A be a bipolar valuerziusubset in X, V be a

bipolar valued fuzzy subset in f(X) = Y, defined ¥y(y) = SUF A*(X) and V(y) = |nf A (x), forallx in X and y in
xOf L(y) x0f ()

Y. Ais called a preimage of V under f and is defiras A(x) = V'( f(x) ), A"(X) = V( f(x) ) for all x in X and is denoted
by (V).

1.6. Definition

Let A=( A", A") be a bipolar valued fuzzy subset of X anah [ 0, 1— sup { A(X)} ], B in [-1-inf { A"(x)}, O ].
Then T =( T, T") is called a bipolar valued fuzzy translation offA*(x) = T "4 (X) = A*(X)+ a, T(X) = T/;A(x) =
A"(x) + 3, for all x in X.
1.7 Example

Consider the set X ={0, 1, 2, 3, 4 }. Let A =@,(0.5,-0.1), (1, 0.4-0.3 ), ( 2, 0.6:-0.05), ( 3, 0.45;0.2), (4,
0.2,-0.5) } be a bipolar valued fuzzy subset of X ard 0.1, =-0.1. Then the bipolar valued fuzzy translation oA
= T01,-01)=1{ (0, 0.6,-0.2), (1, 0.55-0.4), ( 2, 0.7;-0.15), ( 3, 0.55;0.3), (4, 0.3;-0.6) }.

2.PROPERTIES
2.1. Theorem

If M and N are two bipolar valued fuzzy translasasf bipolar valued fuzzy subhemiring A of a hemiriR, then

their intersection MiN is also a bipolar valued fuzzy translation of A.
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Proof: Let x and y belong to R. Let M'E(gﬁ) ={(x,A'(xX) +a, A(x) +B)/xOR }and N :T(f,\ﬁ) ={(x, A"(xX)

+vy, A(x) +8) / xOR } be two bipolar valued fuzzy translations of digr valued fuzzy subhemiring AEA", A7) of R.
Let C=MnNand C = {{ x, C'(x), C(X) ) / xOR }, where C(x) = min { A*(x) + a, A"(x) +y}and C(x) = max { A(x) +
B, A (x)+d }.

Case (i):a <yandp <. Now C'(x) = min{M*(x), N"(x) } = min{A *(x)+a, A*(X)+y}= A*(x)+a = M*(x) for all x
iNR.ANd C(X) =max {M(x), N(xX) }=max { A (X) +B, A(X) +d}= A" (x) + 5= N (x) for all x in R. Therefore C =
T(S’J) ={(x, A"(x) +a, A(x)+ d) / xOR } is a bipolar valued fuzzy translation of bipolalued fuzzy subhemiring A of

R.

Case (ii):a >y andp > &. Now C(x) = min { M*(x), N'(x) } = min { A*(x) + o, A"(X)+ y} = A*(X) +y = N(X)
forall xin R. And C(x) = max { M(X), N(x) } =max { A(X) +B, A(X)+0}=A(X) +B =M(x) for all x in R.

Therefore C El'(ﬁlg)z { {x, A"(x)+y, AA(X)+ B )/ xOR } is a bipolar valued fuzzy translation of bipolalued fuzzy

subhemiring A of R.

Case (iii): a <y andp > d. Clearly C =T(;\ﬁ) ={{(x A(X) +a, A (X)+B ) / xOR} is a bipolar valued fuzzy

translation of bipolar valued fuzzy subhemiring R

Case (iv):a >y andp < d. Clearly C =T(¢’5) ={(x, A"(X)+ vy, A(X)+ ) / xOR } is a bipolar valued fuzzy

translation of bipolar valued fuzzy subhemiring AR In other cases are true, so in all the casesintersection of any

two bipolar valued fuzzy translations of bipolatued fuzzy subhemiring A of R is a bipolar valued#y translation of A.
2.2. Theorem

The intersection of a family of bipolar valued fyztzanslations of bipolar valued fuzzy subhemiridgof a

hemiring R is a bipolar valued fuzzy translationfof
Proof: Using the Theorem 2.1, we can prove easily.
2.3. Theorem

Union of any two bipolar valued fuzzy translatiasfsbipolar valued fuzzy subhemiring A of a hemiriRgis a

bipolar valued fuzzy translation of A.

Proof: Let x and y belong to R. Let M'E(gﬁ) ={(x,A'(xX) +a, A(x) +B)/xOR }and N :T(f,\ﬁ) ={(x, A"(xX)
+vy, A(x) +8) / xOR } be two bipolar valued fuzzy translations of digr valued fuzzy subhemiring AEA", A™) of R.
Let C=MIN and C = {{ x, C'(x), C(x) ) / xOR }, where C(x) = max { A"(x) + a, A"(x) +y} and C(x) = Min { A~(x)+
B, A(X)+d}.

Case (i):a < yandp < 8. Now C'(x) = max { M(x), N'(x) } = max{A*(x)+a, A*(X)+ y}= A*(X)+ y = N'(x) for
all x and y in R. And @x) = Min { M"(x), N'(x) } = Min { A (x)+ B, A (X)+ 8} = A"(X)+ B = M"(x) for all x in R.
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Therefore C ﬂ'(f,\’ﬁ): { (x, A"(X) +y, A (X)+ B )/ xOR } is a bipolar valued fuzzy translation of bipolalued fuzzy
subhemiring A of R.

Case (ii):a >y andf > 3. Now C'(x) = max { M'(x), N'(x) } = max { A"(X) + a, A"(X)+ y}= A*(X) + a = M"(x)
for all x in R. And C(x) = min{ M"(x), N"(x) } = min {A"(X)+, A" (X)+ &} = A"(x)+ d = N (x) for all x in R. Therefore C
:T(S’J) ={(x, A"(X)+ a, A (x)+ &)/ xOR } is a bipolar valued fuzzy translation of bipolalued fuzzy subhemiring A

of R.

Case (iii): a <y andp > 8. Clearly C :T(/;’J) ={({x, A"(x) +y, A(X)+d ) / xOR } is a bipolar valued fuzzy

translation of bipolar valued fuzzy subhemiring o

Case (iv):a >y andp < d. Clearly C =T(§”g)= { {x, A"(X) + a, A°(X)+B) / xOR } is a bipolar valued fuzzy

translation of bipolar valued fuzzy subhemiring #Ro In other cases are true, so in all the casadisn of any two bipolar

valued fuzzy translations of bipolar valued fuzmplsemiring A of R is a bipolar valued fuzzy tranisla of A.
2.4. Theorem

The union of a family of bipolar valued fuzzy tréat®ns of bipolar valued fuzzy subhemiring A ofiemiring R
is a bipolar valued fuzzy translation of A.

Proof: Using the Theorem 2.1, we can prove easily.
2.5. Theorem

A bipolar valued fuzzy translation of a bipolar wadl fuzzy subhemiring A of a hemiring R is a bipolalued

fuzzy subhemiring of R.

Proof: Assume that T 2 T", T ) is a bipolar valued fuzzy translation of a bipalatued fuzzy subhemiring A&
A", A7) of a hemiring R. Let x and y in R. We hav&x#y) = A"(x+y) +a = min{ A*(x), A"(y) } + a = min { A"(x) +q,
A'(y) +a}=min { T*(X), T'(y) }. Therefore T(x+y) = min { T*(x), T'(y) } for all x and y in R. And T(xy) = A*(xy) + a
> min{ A"(x), A"(y) } + a = min { A*(x) + a, A*(y) + a }= min { T*(x), T'(y) }. Therefore T(xy) = min { T"(x), T'(y) }
forall x and y in R. Also Tx+y) = A (x+y) B <max { A (X), A (y) I+ B=max {A(X) +B, A (y) +B}=max { T (x),
T(y) }. Therefore T(x+y) < max{ T (x), T (y) } for all x and y in R. And T(xy) = A"(xy) B < max{ A (x), A (y) }+ B =
max { A" (X) +B, A (y) + B }=max{T(x), T (y) }. Therefore T(xy) <max {T (x), T (y) } forall xand yin R. Hence T

is a bipolar valued fuzzy subhemiring of R.
2.6. Theorem

Let (R, +, .) and ( R+, .) be any two hemirings and f be a homomorphiShen the homomorphic image of a
bipolar valued fuzzy translation of a bipolar valdfazzy subhemiring A of R is also a bipolar valdezzy subhemiring of
R
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Proof: Let V = (V*, V") = f(T; 5,), where T, 5 is a bipolar valued fuzzy translation of a bipotatued fuzzy
subhemiring A = (A, A™) of R. We have to prove that V is a bipolar valtiezzy subhemiring of RFor all f(x) and f(y)
in R, we have V[ f)+(y)] = V' [ f(x+y) ] > T4 (x+y) = A'(x+y)+ a > min{ A*(x), A*(y)I+ a = min{A*(x)+a,
Aty)yrar=min{ T 5 (x), T4 (y) }

which implies that V f(x)+f(y) ] = min { V*(f(x) ), V*(f(y) ) } for all f(x) and f(y) in R. And V'[ f(x)f(y)] =V *
[fOy) 12 T ™0 (xy) = A'xy)+ a = min{ A*(x), A*(y) 1o = minfA*()+a, A'(y)+a = min{ T "o (), T""a (y) }

which implies that V f(x)f(y) 1 = min { V*( f(x) ), V*(f(y) ) } for all f(x) and f(y) in R. Also V' f(x)+f(y) ] =
VT f(xty) 1< T2 (cky) = A(cry)+ B < max{ A (x), A(y) 1B = max { A(x)+B, A (y)+B} = max {T;*(x), T, (y) }

which implies that V[ f(x)+f(y) ] < max { V( f(x) ), V7( f(y) ) } for all f(x) and f(y) in R. And VT f(x)f(y) ] =
V) 1< T, 0) = A(xy)+ B < max {A(x), A(y) 1+ B = max { A(x)+B, A()+B} = max {T;*(x), T;*() }

which implies that V[ f(x)f(y) ] < max { V' (f(x) ), V' (f(y) ) } for all f(x) and f(y) in R. Therefore V is a bipolar valued

fuzzy subhemiring of R
2.7. Theorem

Let (R, +,.) and ( R+, . ) be any two hemirings and f be a homomamhiThen the homomorphic pre-image
of bipolar valued fuzzy translation of a bipolatued fuzzy subhemiring V of'Rs a bipolar valued fuzzy subhemiring of
R.

Proof: Let T = T(\L/,,/;f f(A), where T(\L/,’ﬂ) is a bipolar valued fuzzy translation of bipolaalued fuzzy

subhemiring V = (V, V7 ) of R. We have to prove that A = {AA™) is a bipolar valued fuzzy subhemiring of R. ket
and y in R. Then Ax+y) = T, (f(x+y) ) = T, (f00+f(y) ) = VT f0)+f(y) I+ o= min { V'(f(x) ), V'(f(y) ) }+ @ =

min {V(f(x) ) + o, V'(f(y) ) +a} = min { T,V () ), T."¥ (f(y))} = min { A*(x), A"(y) } which implies that A(x+y) >
min{A*(x), A'(y)} for all x, y in R. And Axy) = T, (f0xy)) = T, (100f(y)) = V'L £(9f(y) ] + & = min { V*((x) ),
VI(H(y)) B a = min {V(f(x) ) +a, V'(f(y) ) +a}=min { T, (f(x)), T, (f(y))}=min { A"(x), A’(y) } which
implies that A(xy) > Min { A*(x), A*(y) } for all x and y in R. Also A(x+y) = T, (fx+y) ) = T;¥ (f+(y) ) = V'
fO)+f(y) 1 +B < max {V (f(x)), V' (f(y)) }+ B = max{V (f(x))+B, V (f(y)) + B } = max{ T/EV (f(x) ), T/EV (f(y) ) } = max
{ A"(x), A(y) } which implies A(x+y) < max{ A"(x), A<(y) } for all x and y in R. And A(xy) = T;" (f(xy)) = T;" (
fOAf(y) ) = VTTHCOf(y) 1 +B < max { V' (f(x) ), V'((y)) }+ B =max {V(f(x)) +B, V((y)) + B} = max{ T,g_v (f(x) ),

Tﬂ_V (f(y) ) } = max { A"(x), A(y) } which implies A(xy) < max{ A" (x), A (y) } for all x and y in R. Therefore A is a

bipolar valued fuzzy subhemiring of R.
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2.8. Theorem

Let (R, +, . ) and ( R+, .) be any two hemirings and f be a anti-hormghism. Then the anti-homomorphic
image of a bipolar valued fuzzy translation of pdbar valued fuzzy subhemiring A of R is also adbép valued fuzzy
subhemiring of R

Proof: Let V = (V', V") = (T, 5), where T, 5 is a bipolar valued fuzzy translation of a bipotatued fuzzy
subhemiring A = (A, A™) of R. We have to prove that V is a bipolar valdiezzy subhemiring of RFor all f(x) and f(y)
in R, we have V[ f(x)+f(y)] = V[ fy+x) ] = T "2z (y+x) = A"(y+x) + a > min{ A*(y), A" (x) }+ o = min {A*(x)+q,
Af(y)+a } = min {T %2 (x), T4 (y) } which implies that V[ f(x)+f(y) ] = min { V*(f(x) ), V*( f(y) ) } for all f(x) and
f(y) in R. And V' f)f(y)] = V[ fyx) ] = T "4 (yx) = A*(yx) + o > min{ A*(y), A"(X) }+a = min {A*(x)+a, A*(y)+a }
= min {T "2 (x), T4 (y) } which implies that V[ f(x)f(y) ] > min { V*(f(x) ), V*( f(y) ) } for all f(x) and f(y) in R.
Also VT f(x)+f(y) 1= VT f(y+x) 1< Ty A y+x) = Ay+x) + B < max { Ay), A(X) }+ B=max { A(x)+ B, A(y) +B }=
max {T;"(x), T;"(y) } which implies that V[ f(x) + f(y) ] < max { V:(f(x) ), V(f(y) ) } for all f(x) and f(y) in R. And
VTIfy) 1=VTfyx) 1< Ty Ayx) = AT(yx) + B < max { A(x), A(y) } + B = max { A(x) + B, A(y) + B}= max
{T;2x), T;2(y) } which implies that V[ ff(y) | < max { V'(f(x)), V(f(y) ) } for all f(x) and f(y) in R. Therefore V
is a bipolar valued fuzzy subhemiring df R
2.9. Theorem

Let (R, +,.) and ( R+, . ) be any two hemirings and f be an anti-horaphism. Then the anti-homomorphic
pre-image of bipolar valued fuzzy translation obigolar valued fuzzy subhemiring V of & a bipolar valued fuzzy

subhemiring of R.

Proof: Let T = T(\L/,ﬁ) = f(A), where T(\L/,ﬁ) is a bipolar valued fuzzy translation of bipolaalued fuzzy

subhemiring V = (V, V™) of R. We have to prove that A = {AA™) is a bipolar valued fuzzy subhemiring of R. keind
y in R. Then A(x+y) = T;V (f(x+y)) = T;V (fiy)+(x) ) = VT f(y)+f(x) ] + a = min { V*(f(y) ), V'(f(x) ) }+ a = min

(V) +a, V(fy) ) +a} = min{ T,”Y (160)), T,”¥ (f(y))} = min{A *(x), A*(y) } which implies that A(x+y) > min
{A*(x), A"(y) }for all x, y in R. And A(xy) = T," (f(xy)) = T, (fy)f(x) ) = V'TIYX) ] + a = min { V(f(y) ), V'(
() H a = min { V() ) +a, V(fy) )+ o} = min { T, (1), T,Y (f(y) ) } = min { A"(x), A"(y) } which
implies that A(xy) > min { A(x), A*(y) } for all x and y in R. Also Ax+y) = T, (f(x+y) ) = T;" (f(y)+(x) ) = VT
fy)+f(x) ] +B < max { V' (f(y) ), V(f(x)) } + B = max { V(f(x)) + B, V' (f(y)) + B } = max{ T/;_V (f09), T/;_V (fy))}
= max { A'(x), A"(y) } which implies A (x+y) < max{ A"(x), A(y) } for all x and y in R. And A(xy) = T;" (f(xy) ) =

T, (0)f09) = VT 1 +B < max {V(f(y) ), VI(f()) } + B = max { V((x)) + B, VI(f(y)) + B} = max { T;" (
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f0)), Tg

v (fty)) } = max { A" (x), A (y) } which implies A (xy) < max{ A (x), A (y) } for all x and y in R. Therefore A

is a bipolar valued fuzzy subhemiring of R.
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